We derive and implement a general method to characterize the nonclassicality in compound discrete-and continuous-variable systems. For this purpose, we introduce the operational notion of conditional hybrid nonclassicality which relates to the ability to produce a nonclassical continuousvariable state by projecting onto a general superposition of discrete-variable subsystem. We discuss the importance of this form of quantumness in connection with interfaces for quantum communication. To verify the conditional hybrid nonclassicality, a matrix version of a nonclassicality quasiprobability is derived and its sampling approach is formulated. We experimentally generate an entangled, hybrid Schrdinger cat state, using a coherent photon-addition process acting on two temporal modes, and we directly sample its nonclassicality quasiprobability matrix. The introduced conditional quantum effects are certified with high statistical significance.
Introduction.-The investigation of signatures of nonclassicality is of crucial importance for the understanding, engineering, and control of quantum systems. The knowledge about various forms of quantumness plays a central role in modern research, ranging from fundamental tests of quantum physics [1, 2] to applications close to commercial quantum information processing [3] [4] [5] . Especially for secure communication, quantum correlations of light have been vastly exploited [6] . To apply quantum enhanced communication protocols, it is indispensable to characterize the correlations between different systems. In particular, the interface between continuous-variable (CV) and discrete-variable (DV) systems has to be understood for implementing quantum communication on a highly variable basis and for employing the benefits of both kinds of systems [7] .
In CV quantum optics, the standard concept of nonclassicality is based on the impossibility of describing field correlations in terms of classical electrodynamics. This notion defines nonclassical light via a Glauber-Sudarshan P representation [8] [9] [10] that does not resemble a classical probability distribution. Thus, quasiprobability representations are a direct and intuitive way to discern classical from quantum field theories. Moreover, the negativities of these quasiprobabilities have been closely related to other features, like contextuality [11, 12] and symmetries of the quantum state [13] .
However, the P distribution can be strongly singular for many states [14] . Thus, different strategies have been investigated in order to regularize the P distribution. For instance, s-parametrized quasiprobabilities [15, 16] have been introduced, which include the Wigner function for s = 0. But the s parameter not only regularizes the singularities, it also limits the sensitivity to verify quantumness. To overcome this deficiency, non-Gaussian nonclassicality filters have been applied to uncover all forms of single-and multimode nonclassicality via regular nonclassicality quasiprobabilities [17, 18] .
The DV regime of quantum optics can be, for example, related to the particle picture of quantized fields using the Fock representation of states. This expansion in terms of photon number states also allows for a complete characterization of light fields [19] . Other realizations of such so-called photonic qudits are based on the angular momentum of light [20, 21] . The advantage of this representation is clearly its direct connection to quantum information processing, which is formulated in qudits as the basic carriers of information.
Traditionally, the CV and DV representation of light have been individually exploited, but the connection between these two complementary regimes has not been extensively studied. One of the few relations between CV and DV systems that has been established is based on the observation that qubits can be constructed out of CV states [22, 23] . Another early attempt to consider a hybrid system was elaborated to measure nonclassicality between a vibrational mode and the electronic states of a trapped two-level atom based on a Wigner matrix [24] . More recently, the experimental generation of hybrid entanglement was reported [25, 26] and its entanglement had been investigated [27, 28] . Even though quantumcorrelated hybrid systems are of high interest for quantum information processing [29, 30] , a universal way to access their nonclassicality is missing yet.
In this Letter, we introduce and implement a general method for describing and identifying nonclassicality in hybrid, i.e., correlated CV and DV systems of light. The operational meaning of the resulting notion of conditional hybrid nonclassicality (CHN) is motivated in terms of resources for quantum communications. In contrast to previous approaches, formulated in terms of joint correlations, our technique is based on the conditional nonclassicality which directly relates to remote state preparation and manipulation protocols. Our concept of CHN is shown to be experimentally accessible via a nonclassicality quasiprobability (NQP) matrix, which completely describes the hybrid system. The sampling theory for this NQP matrix is derived, which applies to imperfect data sets and, thus, goes beyond previously known statereconstruction methods. To demonstrate the experimental application, we realize the prominent example of an entangled, hybrid Schrödinger cat state. From our data, we reconstruct the NQP matrix and certify its CHN with high statistical significance.
Conditional hybrid nonclassicality.-We firstly consider an application to motivate our general concept of CHN. Suppose we have a Schrödinger cat state,
The first subsystem is given in a CV description of coherent states. For the second subsystem, we have a DV expansion in terms of Fock states. The implementation of |Ψ cat was established through tailoring the correlation between | ± β and |0 , |1 [25, [31] [32] [33] [34] .
For establishing a DV-CV communication node, we aim at transferring the information of a qubit |q = q 0 |0 + q 1 |1 (a third subsystem) into a CV encoding via the state (1). This can be achieved by performing a joint projection of the composed state |Ψ cat ⊗ |q onto the Bell state |ψ = 2 −1/2 (|0 ⊗ |0 + |1 ⊗ |1 ) in the second and third mode as it is done in quantum teleportation protocols [35] . Hence, we get analogously
where N is the normalization constant; see Ref. [36] for a different implementation. The state (2) now carries the information of the qubit |q . If the qubit represents a classical truth value, |q ∈ {|0 , |1 }, we also get a classical coherent state |±β in the resulting CV state (2). Yet, any superposition state |q will also result in a nonclassical superposition state |Ψ q . In other words, the hybrid state (1) has the potential to yield a nonclassical CV state through DV projections. Let us abstract the above observation. Supposeρ is a CV-DV-hybrid state andΠ is a non-negative projection operator in the d-dimensional DV subsystem. Without loss of generality we can restrict ourselves to rank-one operatorsΠ = |ψ ψ|, with |ψ = d−1 m=0 ψ m |m [37] , because any otherΠ can be considered as a positive linear combination of rank-one operators. Now, the conditional CV state is defined aŝ
where N is a normalization constant, tr DV is the partial trace over the DV subspace, and P (α|Π) is the conditional Glauber-Sudarshan distribution. We can now extend the concept of single-mode CV nonclassicality [10] to define the operational notion of CHN: The CV-DV hybrid stateρ shows CHN if there exists a DV projection Π such that P (α|Π) is not a classical probability distribution.
In other words, CHN is the ability of a system to yield a nonclassical CV state for at least one measurementΠ in the DV subsystem, P (α|Π) 0. In particular, this definition applies to the Schrödinger cat state (1) [38] . Moreover, it extends the initial idea to mixed states and it generalizes DV systems beyond qubits. For example, a CV-qudit hybrid state |Ψ = d−1 m=0 c m |β m ⊗ |m clearly exhibits CHN for nontrivial coefficients c m . The entanglement and mixtures of such states have been extensively studied in Ref. [27] . In fact, any entangled hybrid state shows CHN, but CHN exists beyond entanglement. This results from the fact that CHN can be interpreted in terms of the heralded generation of nonclassical states which can be achieved with nonentangled states [39] . Also note that another form of conditional nonclassicality has been recently studied in the context of photon statistics [40] .
Nonclassicality quasiprobability matrix.-Verifying CHN requires one to explore all possible projectionŝ Π = |ψ ψ|. For at least one of them, the nonclassicality has to be verified from the conditional and possibly highly singular Glauber-Sudarshan distribution P (α|Π). To overcome these difficulties, let us formulate a directly accessible and equivalent method.
Using the concept of the P representation, one can expand any mixed, hybrid stateρ in the form
Note that P m,n (α) can be a complex-valued function for m = n. Moreover, the function fulfills the properties of normalization, tr(ρ) = d 2 α n P n,n (α) = 1, and symmetry,ρ =ρ † ⇔ P m,n (α) = P * n,m (α), which are necessary for the proper representation of the physical stateρ. Now, the P distribution conditioned onto the DV state can be written in the form
where P (α) = (P m,n (α)) m,n and the projection state vector ψ = (ψ n ) n . As the normalization constant N is positive, we get from Eq. (5) that P (α|Π) is a classical (non-negative) probability distribution for any projection iff the P matrix is non-negative, P (α) 0 for all α.
As the P function can be highly singular [14] , the matrix P (α) can be irregular as well. For a single CV mode, a nonclassicality-preserving regularization process has been proposed which consists of a convolution of the original P function with a suitable, non-Gaussian kernelΩ(α) [17] . For our purposes, this approach can be generalized, yielding the NQP matrix P Ω (α) = [P Ω;m,n (α)] m,n , with the regular matrix elements
where our choice of a kernelΩ w (α) is the Fourier transformation of the autocorrelation function
with a normalization constant N w , such that Ω w (0) = 1, and w > 0 denoting the filter width [17, 41, 42] . In the limit w → ∞, we recover the original P (α). Now, the CHN can be identified with the following necessary and sufficient condition: The stateρ shows CHN iff there exists w > 0 and α ∈ C such that the NQP matrix P Ω (α) is not positive semidefinite,
We will also use the equivalence of condition (7) to the existence of a negative eigenvalue of P Ω (α).
In another context and restricting to a 2 × 2 matrix and a convolution with Gaussian kernel yields a Wignermatrix approach [24] , which inspired the criterion presented here. However, the 2 × 2 Wigner-matrix method has two limitations which we overcome. It is restricted to two-level atoms or DV qubit systems. More importantly, the Wigner function cannot resolve all nonclassical features [39] .
To experimentally apply condition (7), we reconstruct the NQP matrix with so-called pattern functions [43, 44] . Our data are recorded using balanced homodyne detection, which has been used for state and detector tomography [19, 45, 46] and the tomography of atomic and optomechanical systems [47] [48] [49] . The reconstruction of a DV density matrix in the Fock basis via balanced homodyne detection is well known [50] [51] [52] , and their pattern functions are labeled as F m,n (x , ϕ ), where x is the quadrature for the phase ϕ . In the CV scenario, pattern functions f Ω (α, w; x, ϕ) for the regularized quasiprobabilities P Ω have been introduced and applied [41, 42, 53] .
We can combine the CV and DV approaches in order to sample the elements of the NQP matrix P Ω (α) from the measured quadratures data points (8) with weights j ≥ 0 and j j = 1. The full treatment of this technique can be found in the Supplemental Material [39] together with a derivation of the weights and the sampling error σ [P Ω;m,n (α)]. The introduction of a weighted mean becomes essential for data sets which are not uniformly distributed in phase. The weighting corrects for this imperfection, which extends the applicability of our technique beyond previous methods.
Experimental implementation.-In Fig. 1 , we outline the experiment to produce a state of the type (1) . A detailed analysis of the setup may be found in Ref. [25] . In our experiment, a single photon-addition device (labeled asâ † ) is fed with two distinct temporal modes containing a coherent and a vacuum state, |β ⊗ |0 . The device realizes a stimulated parametric down-conversion process heralded by the detection of a idler photon; see Ref. [54] for theoretical details. A properly unbalanced Mach-Zehnder interferometer is placed in the idler path to restore the indistinguishability with the temporal modes of the herald photons.
A click of one of the detectors after the interferometer certifies the addition of a photon in either of the modes, tâ † ⊗1+r1⊗â † . This superposition of creation operations is parametrized with t (r = 1 − |t| 2 ), which can be controlled via the relative transmission between the two interferometer arms. Choosing t = 1/ |β| 2 + 2 results in correlated signal pulses of the form
Here the approximationâ † |β ≈ |gβ is used, where the optimal amplitude gain (maximizing the fidelity) is g = (1 + 1 + 4/|β| 2 )/2.
The symmetric target state (1) can be simply obtained with a phase-space displacement [25] . Since we focus on CHN, which is not affected by such operation, the experimental state (9) with β ∼ = 1.4 is analyzed instead. Also note that compared to the state (9), imperfect detectors additionally lead to small DV contributions with photon numbers above one [54] . Results.-The balanced homodyne detection of the generated state yields an ensemble {(x j , ϕ j , x j , ϕ j )} N j=1
of N = 372 000 data points. Based on Eq. (8), we reconstructed the NQP matrix P Ω (α) shown in Fig. 2 . For the DV part, we present the first three elements, m, n ∈ {0, 1, 2}. Higher contributions are not relevant as they have a reconstruction error σ [P Ω;m,n (α)] that exceeds 34%. The first observation from Fig. 2 is that the reconstruction approximates to some extent our theoretical expectations of the state (1). With our sensitive approach, however, we can also identify some deviations, and we can test for CHN in terms of condition (7) . Let us discuss some results of our analysis.
In contrast to the ideal state (1), our produced state includes nonzero matrix contributions for more than one photon in the DV mode, e.g., P Ω;2,2 (α) ≈ 0. Imperfect detectors employed in the addition process can be one source of this behavior [54] . The diagonal elements also exhibit negative contributions, e.g., P Ω;0,0 (α) < 0 for α ≈ −4i, although the projection onto the DV vacuum state is expected to correspond to a classical coherent state. More rigorously, the |n n|-conditioned, regularized P functions show a maximal significance of negativities of S 0 = 8, S 1 = 4, and S 2 = 3 standard deviations, where S n = max α {−P Ω;n,n (α)/σ(P Ω;n,n (α))}. The reason for the significant negativities of P Ω;0,0 (α) is that our technique is sensitive enough to go beyond the approximationâ † |β ≈ |gβ in Eq. (9) . Note, additional analyses [39] show that the Wigner function cannot significantly verify this nonclassicality.
So far we discussed the Fock-diagonal projections of the NQP matrix. Now, we also apply our CHN criteria (7) for general projections ψ in Eq. (5) . For this purpose, we adopt the eigenvalue approach from Ref. [55] , and we define the submatrices P Ω;n (α) = [P Ω;m,m (α)] m,m =0,...,n . Hence, we have that P Ω;0 (α) corresponds to the previously considered P Ω;0,0 (α), P Ω;1 (α) corresponds to the DV subspace in which the state (1) lives (i.e., the span of the Fock states |0 , |1 ), and P Ω;2 (α) is the full matrix shown in Fig. 2 . The eigenvector ψ n,α to the minimal eigenvalue of P Ω;n (α) describes the optimal projectionΠ = |ψ ψ| that can be done in the n-photon subspace. This means, a negative eigenvalue e n,α = ψ † n,α P Ω;n (α) ψ n,α certifies the maximal CHN for this point α in phase space.
The reconstructed NPQ matrix yields the maximal significances of negativities Σ n = max α [−e n,α /σ(e n,α )], similarly to S n for diagonal projections. As expected for n = 0, we observe a CHN with S 0 = Σ 0 = 8 standard deviations. For n = 1, the off-diagonal contribution P Ω;0,1 (α) has a quite strong impact, which can be seen from the maximal verification of quantumness with Σ 1 = 32 standard deviations. For comparison, the two possible diagonal projections in this subspace yield only S 0 = 8 and S 1 = 4. Hence, the major source of CHN comes from the CV-DV interference terms P Ω;0,1 (α), in which the information on the nonclassical correlations is encoded and which describes the coherent superpositions term |β −β| ⊗ |0 1|. The negativity of the full 3 × 3 matrix in Fig. 2 only adds a small contribution to the nonclassicality, i.e., Σ 2 = 33 ≈ Σ 1 .
Conclusions.-Motivated by the need of CV-DV quantum communication, we introduced the concept of conditional hybrid nonclassicality. In contrast to the standard approach of joint correlations, conditional hybrid nonclassicality describes the ability of a CV-DV state to produce a nonclassical state when performing a projecting measurement (i.e., heralding) in one subsystem. Beyond the conceptual formulation, we also derived a directly accessible and robust technique to verify the quantumness under study in terms of a regular phasespace matrix. The latter functional matrix highlights the interplay between the CV and DV degrees of freedom. Negativities in our quasiprobability matrix certify the conditional hybrid nonclassicality.
We directly implemented our approach by realizing a Schrödinger-cat-like state through correlating two temporally separated pulses of light with the help of an in-terferometric photon-addition process. We sampled the nonclassicality quasiprobability matrix and performed a detailed analysis of the state. We verified conditional hybrid nonclassicality with high significance.
The notion of conditional hybrid nonclassicality is a promising candidate for characterizing the usefulness of states for applications at the interface between CV and DV quantum systems. It provides a link between the phase-space nonclassicality in quantum optics with the qudit treatment in quantum information science. The nonclassicality quasiprobability matrix yields an intuitive understanding of the quantum nature of states and correlations. This technique is demonstrated to be experimentally applicable even to imperfect measurements. 
SUPPLEMENTAL MATERIAL
This supplemental material is a guide towards the proper reconstruction the nonclassicality quasiprobability (NQP) matrix elements. It provides some additional features of the conditional hybrid nonclassicality (CHN). In a first part, we review some known methods and describe the modifications for the state reconstruction used here. In the second part, we derive a treatment for nonuniform phase distributions based on a weighted sampling approach. In the third part, an extended discussion of our concepts is presented.
PATTERN FUNCTIONS
Consider the physical quantity F and the pair of variables (x, ϕ), quadratures x and phases ϕ, that follow the quadrature probability distribution p(x; ϕ), where ∞ −∞ dx p(x; ϕ) = 1 for all ϕ. The x and ϕ values are measured in the range −∞ < x < ∞ and 0 ≤ ϕ < π, respectively. Then F can be written as
which means that the quantity F can be determined through the function f (x, ϕ). This family of such socalled pattern functions allows us to directly estimate F (i.e., sample the quantity F ) together with its standard error of the mean σ(F ) from a given experimental data set {(x j , ϕ j )} N j=1 via
and σ(F ) 2 = (F 2 − F 2 )/N for an equally weighted sampling. Note that the denominator N in σ(F ) 2 is typically replaced by N −1, the so-called Bessel's correction, which becomes irrelevant for large N . In this section, the phases are assumed to be uniformly distributed. This standard sampling approach will be generalized in the second part of this supplement.
We deal with physical quantities that can be estimated from balanced homodyne detection (BHD). This yields the quadrature variances x = x(ϕ), where ϕ is an experimentally adjustable phase-difference between the signal field and the local oscillator. The set of data which is obtained from two BHDs, considering a two-mode system, consist in N pairs {(x 1,j , ϕ 1,j , x 2,j , ϕ 2,j )} N j=1 . In our current scenario, the data set is an ensemble of N = 372 000 measured quadrature values for an equally spaced set of six fixed phase values per mode. A histogram of the measured marginal quadrature distributions for the discretevariable (DV) mode, x 1 , and the continuous-variable (CV) mode, x 2 , is show in Fig. 3 . The total number of data points is N = 372 000.
CV pattern functions
The pattern functions for a single-mode filtered NQP P Ω (α) have been derived in Ref. [42] . It was shown that
with the pattern function
Here, we restrict ourselves to the filter function Ω w (γ) = N w d 2 γ e −(|γ |/w) such that Ω w (0) = 1 and w > 0 denoting the filter width. The nonclassicality quasiprobability, P Ω (α), is represented as the expectation value of the function f Ω (x, ϕ; α, w). Analogously to Eq. (11), when the pairs (x, ϕ) are experimentally measured the expectation value of P Ω can be replaced by the empirical estimate,
f Ω (x j , ϕ j ; α, w).
As a set of data for BHD includes in general a large number of data points, several hundred of thousands, the fast evaluation of pattern functions is quite relevant. For this purpose, a Fourier technique is applied [42] .
DV pattern functions
The reconstruction of the density matrix elements in the Fock representation, ρ m,n = m|ρ|n , from the quadrature component distribution requires another set of pattern functions, F m,n (x, ϕ), which gives
The approach to compute the pattern function and their explicit form can be found in Refs. [44, 56] . Decomposing
where L l−k k denote the associated Laguerre polynomials. Analogously to the CV case, the expectation value can be replaced by the empirical estimate
Higher-order, bipartite significances
Summarizing the CV and DV sampling approaches, we find that hybrid systems can be described through the elements of the NQP matrix, P Ω;m,n (α). These elements can be sampled according to
For classical states, the NQP matrix is non-negative. We can write for a general, Hermitian matrix P that v † P v = e ≥ 0, where v is the normalized eigenvector to the minimal eigenvalue e of P . Suppose we sample the matrix P = P ± σ(P ). Then we can compute the eigenvector v to the minimal eigenvalue e of P -with e = v † P v-and we also get the linearly propagated error from σ(e) = | v| T σ(P )| v| with | v| = (|v 1 |, |v 2 |, . . . ) T [54] . In addition, let us also consider P n . That is the nth principal leading submatrix of P . Consequently, we can estimate the minimal eigenvalues, e n = e n ±σ(e n ). In order to provide statistical significance of the reconstructed matrix, we define the higher-order significances of the minimal eigenvalues of NQP matrix as follows:
As the minimal bound for the eigenvalues of classical states is e cl = 0, the absolute value of the significance corresponds to the distance of e to e cl. in units of the error σ(e), i.e., |Σ n | = |e − e cl |/σ(e). The sign of Σ n shows if we are consistent with this bound, Σ n ≥ 0, or clearly violate it.
Pattern functions for a discrete set of phases Ideally, the phases at which the quadratures are measured should be scanned in the whole interval 0 ≤ ϕ < π in a uniform distribution. In our actual experiment, the quadratures are obtain just at a given number I of fixed, equidistant phases. When the sampling function varies rapidly with respect to the phase as in the CV scenario, one can modify the pattern functions [42] . This reads
with the modified pattern function
WEIGHTED SAMPLING
In our scenario, we commonly have sets of data for equidistant, but not uniformly distributed phases; see Fig. 4 . Then the ordinary arithmetic mean for the sampling does not give the correct estimation of the given physical quantities. For this reason, we will apply a weighted sampling approach to correct for the unbalanced distribution of data points. The general approach of weighted arithmetic means can be found, e.g., in Ref. [58] . Let us recall that for a data set {(x j , ϕ j )} j=1,...,N , the considered weights j ( j ≥ 0 and N j=1 j = 1) yield the sampling formula
In particular for j = 1/N , we retrieve the unweighted case in the first part. 
Single-mode case
Suppose we have a set of measured data points which is organized in the form {(x
, where I is the number of measured phases and N l is the number of measured quadratures for the lth phase. Without a loss of generality, we can assume that the data are ordered with increasing phase, 0 ≤ ϕ (l) < ϕ (l+1) < π. Interpreting a sampling formula in terms of a frequentist probability, we can estimate
where the weightings,
j ≥ 0 and l,j (l) j = 1, represent the probability distribution p(x; ϕ) in some limit. We define the Heaviside function Θ(t) = 1 for t ≥ 0 and Θ(t) = 0 for t < 0. Further note that the probabilities are completely characterized by their cumulative distribution,
In the following, we determine the coefficients (l) j for the weighted sampling formula (22) from the cumulative distribution P in Eq. (23) . We need to satisfy the following two requirements: (i) The quadrature density p(x; ϕ (l) ) for a given phase is approximated by the relative frequencies of measurement outcomes x (l) j for this phase ϕ (l) ; (ii) The recovered quadrature distribution of phases is uniformly distributed.
For (i), we consider the conditional probability
We get from our estimation on the one hand
i.e., the normalized sum of all data points x (l) j below X, and on the other hand
This means that
As this relation hold for all X, we get that (l) j has to be constant with respect to j,
Addressing requirement (ii), we consider a marginal phase distribution P(ϕ (l) ≤ ϕ < ϕ (l+1) ) for phases in an interval, which is described by
Hence, we conclude
In our case, the phases are equidistant. That is, the interval from 0 to π is split into I equally sized intervals which results in ϕ (l+1) − ϕ (l) = π/I. Thus, we find for our measurements that the weighting coefficients for the sampling formula (22) are
Bipartite hybrid sampling
For our particular case of a bipartite system, we get the following sampling formula of discrete phases that are not uniformly distributed:
where we use
and {(x
2,j )} j=1,...,N l ;l=1,...,I defines our two-mode data set. It is worth mentioning that the total number of data points is N = I l=1 N l . Here, instead of each of the data points contributing equally to the final average, we have a weighted mean of the product g (l) j of pattern functions per phases pair. In Fig. 4 , we showed the corresponding distribution of data points in the twodimensional phase intervals which yields the weightings in Eq. (27) . Let us also stress that the pattern functions are independent of our weighting coefficients, cf. Eq. (21) . Further and as it was similarly shown in the previous subsection, Eq. (28) represents a proper estimate which satisfies our requirements (i) and (ii).
In the following, we derive the sampling-error estimation for the expression (28) . The standard approach is the treatment of all g (l) j as random variables which are independent and distributed according to a normal distributions with a variance σ(g
2 . This gives
For a fixed phase ϕ (l) , the random variables g
) which allows us to rewrite
where the empirical variance for a fixed phase is the standard estimate
Equation (30) is the sampling error for the expression in Eq. (28) for a non-uniform distribution of phases.
CONDITIONAL NONCLASSICALITY

Interpretation of the CHN notion
The CHN provides a link between DV and CV systems. Its definition states: The conditional Glauber-Sudarshan P distribution of the CV subsystem has to have no counterpart in classical statistics for a projectionΠ in the DV subsystem, i.e., P (α|Π) 0. This means that the hybrid state can be used to generate a nonclassical CV state through a measurement in the DV system. This can be naturally interpreted in terms of the heralded generation of nonclassical light.
An important remark is that any arbitrary entangled state will be represented by a NQP matrix which is not positive-semidefinite. This can be seen from the fact that any state which does not exhibit CHN takes the form
where |α is a CV coherent state, |φ is an arbitrary DV state, and P cl is a classical probability distribution (i.e., P cl 0) over the pure product states |α ⊗ |φ . Note, states of the form (31) describe the convex hull over all pure states without CHN, |α ⊗ |φ . Therefore, such states without CHN are automatically separable. Conversely, an entangled state cannot take the form (31) .
To prove that CHN can exist beyond entanglement, let us consider initially a two-mode squeezed-vacuum state (likewise, EPR state)
with 0 < p < 1 and where p = tanh 2 ξ is related to the squeezing parameter ξ of the initial input fields, where we choose the phase such that ξ > 0. Note that this requires a generalization of the dimensionality of the DV system to d = ∞. The state (32) is entangled and, therefore, exhibits CHN. For instance, if we perform a conditional measurement onto the nth photon-number state,Π = |n n|, we get the conditional stateρ|Π = |n n|. For n > 0, this describes a nonclassical n-photon state of light, proving CHN.
Performing a dephasing operation on the state (32), we observe a decay of entanglement [59] . In particular, a full dephasing results in a phase-randomized two-mode squeezed-vacuum state,
(1 − p)p n |n n| ⊗ |n n|,
whose nonclassical features have been extensively studied in Ref. [18] . For instance, this non-Gaussian state has a non-negative Wigner function, and the full phase diffusion made the initial EPR state separable. Still, when heralding onto the nth Fock state, we also get ρ |Π = |n n|. Again, this state is nonclassical for n > 0, and we confirmed CHN. Hence, CHN can exist without entanglement-or, entanglement is not needed to herald nonclassical states, such as single photons. Also note that there is a difference between the definition of the conditional P function [Eq. (5) in the Letter], further defining CHN, and the derived criterion to probe CHN [Eq. (7) in the Letter]. The conditional P function is defined in terms for each projective measurementΠ. But the NQP matrix includes the information about all projections in the DV mode.
Regularized P function vs. Wigner function
To further support the claim that our approach gives more insights into the nonclassicality compared to previous approaches, see for example Ref. [24] , we consider the conditional stateρ |0 0| as an example; cf. Eq. (3) in the Letter. Further on, we have also outlined that the generated hybrid state is approximated byρ = |Ψ Ψ |, with |Ψ ≈ 2 −1/2 (|β ⊗ |1 + |gβ ⊗ |0 ); cf. Eq. (9) in the Letter. In particular, we used the approximation N 1/2 a † |β ≈ |gβ , with a proper normalization constant N . Thus, the actual conditional state readŝ ρ| |0 0| = Nâ † |β β|â.
In Fig. 5 , we compare the Wigner and the regularized P function of the conditional state (34) for different displacements β. Note, this phase-space function corresponds to the element P Ω;0,0 (α) of our regularized NQP matrix, which we reconstructed from our data [ Fig. 2 in the Letter].
From Fig. 5 , we observe for both phase-space quasiprobabilities, W (α) and P Ω (α), that the height of the negative part relative to the positive part decreases with increasing coherent amplitudes |β|. For larger |β| values, the Wigner function is unable to resolve those negativities in the presence of unavoidable reconstruction errors. In the same scenario, the regularized P function has still a significant negative part.
The used approximation for N 1/2â † |β is aimed at representing-to some extend-the coherent state |gβ . Specifically, this would imply a non-negative Wigner function, which was also experimentally verified in Ref. [25] . However, the photon-added coherent stateâ † |β is only an approximation to a coherent state which is revealed in the form of negativities of the regularized P function-for our data, with a statistical significance of S 0 = 8 standard deviations under the same experimental conditions as in Ref. [25] . Therefore, the applied technique of regularized P function is a highly-sensitive technique beyond the standard Wigner approach.
